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Abstract 

Under the influence of the Sun and the Moon a highly eccentric orbit 

of a s a t e l l i t e  can becane a nearly circular one or a nearly circular orbi t  

might becane eccentric. In l ight  of t h i s  the author wishes t o  suggest the 

canbination of the Gibbsian rotation vector and the Hamiltonian vector as 

a non-singular se t  of elements t o  be used for  a l l  eccentricit ies and all '  

inclinations. The method of Halphen is suggested for  the canputation of 

secular effects and the method. of Liauville for  the cmputatim of the near 

resonance effects caused by the cunmersurability of mean motiaaw of the 

disturbed and the disturbing body. 

The combination of these two methods caxi give information about the 
' 

general behavior of the orbit  over an interval of thousands of years in the 

, case of a minor planet and over an interval. of a number of yeare in the case 

I of an a r t i f i c i a l  satellite moving in c i s i k r  space. 
**.- 
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r - the position vector of the disturbed body, 
hrm 

r =  \ -  r \ 0 '  

g, 1 - 
M, 6@, *, i, e, n 

The initial values of the elements a re  denoted by a zero subscript. 

L - the o rb i t a l  mean longitude. 

AL - the perturbations i n  the mean orbital  longitude. 

the coordinates of the disturbed body i n  an ideal system of coordinate~. 

- the standard e l l i p t i c  elements of the disturbed bw,. 

P, Q, R - the Gibbsian vectorial  elements of the disturbed body. 
- c u r -  

The elements of the disturbing body w i l l  be designated by the ccrresponding 
symbol with a prime. 

x - 
u = - e s i n Y / J p  

the true orb i ta l  longitude reckoned fran the departure point. 

. .. 
v = e cos x/& . . 

E = the eccentric ananoly of the disturbed body. 

=: E + x - the eccentric orbi ta l  longitude. 
6 

h - the vector appearing in the Hamiltonian integral Of the two body 
problem. - 

g - the Gibbsian rotation vector. 
WI 

i, 3, k - the u n i t  vectors along the axes of an ideal eyetem r igidly '1 
connected t o  the osculating orbi t  plane. u . u u  

io, 30, ko 

F - the disturbing force lying i n  the orbi ta l  plane. 

Fo - the disturbing force F averaged Over the orbi t  of the disturbing 

- )'the i n i t i d .  values of i, 3, k. 
- c u  - - -  - 

* rrm body. 

Z - the component of the disturbing force normel t o  the orbit  plane. 

Zo - the component 2 averaged der the orb i t  of the disturbing body. 
i 1'' ' 

' 1  . 
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X - the component of the disturbing force in the direction of i .  

Y the component of the disturbing force In  the dlrectlm of j. 

S the component of the disturbing force in the direction of r. 

T - the component of the disturbing force In the d i r e c t l a  of k x r. 

The gravitqtional constant I s  put equal t o  00180 
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In,his previous work the author has emphasized the importance of 

long period effects fo r  the estimation of the l i f e  time of s a t e l l i t e s  

moving i n  highly eccentric orbits (Musen, 1963). In his  work a collection 

of formulae was given for the computation of the long period lunar effects  

i n  the motion of a r t i f i c i a l  s a t e l l i t e s  Using Halphen's method (Halphen, 1888). ' 
9 

Originally the author suggested the use of the classical  e l l i p t i c  ele- 

ments, which are quite convenient if  the eccentricity does not becane s m a l l .  

The system of equations giving the variations of the e l l i p t i c  elements con- 

tains the eccentricity and the inclination as small d i V i S O r 8 "  thus m a k i n g  

the computation very d i f f i cu l t  i f  the o rb i t  becanes a nearly circular one. 

II 

Un'fortunately, this i s  exactly what may happen t o  originally highly 

eccentric orbits i n  cislunar space. The resul ts  obtained by Shute (1962) 

on the basis of Halphen's method show tha t  under the influence of the Sun v 

and the Moon a highly eccentric orbi t  can become a nearly circular one or 

a nearly circular o rb i t  might become eccentric. Thus, the demarkation l i n e  

between the two extreme types of 

In l ight of the accumulated 

and t o  suggest a non-s- s e t  

and a l l  inclinations. 

This system consists of the 

sion for  the velocity i n  the two 

vector (Gibbs,' 1901) 

orb i ta l  plane from its 

The author made use of 

orbits is not clearly defined. 

information we wish t o  reconsider the problem 

of elements t o  be used for  a l l  eccentr ic i t ies  . . 

vector appearing in  the Hamiltonian expres-. 
\ 

body problem and of the Gibbsian rotation .* 

The Gibbsian vector determines the rotation of the 

i n i t i a l  position t o  the position qt a given time. 

the Hamiltonian vector (is43 m hie v e c t a r i a  theory 
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The Gibbsian vector was used by the of the pkrturbations of elements. 

author (1961) i n  an 

of special perturbations (Stroingren, 1929) . 
a r t i c l e  on the generalization of Strcmgren's method 

The canbination of these two vectors represents a non-singular system 

of elements because no " s m a l l  divisors" appear i n  the equations for  t he i r  

variations. 

of perturbations for nearly circular o r b i t s  can be recognized. 

is  our tendency t o  obtain the u n i t  vector directed toward the perigee. 

can be avoided by representing the position vector i n  terms of the H a m i l -  

tonian vector directly.  

Two sources of d i f f icu l ty  associated with the determinatian 

The first 

This 

The second source is the use of the eccentric and 

the mean anomalies. Both sources cause the presence of e as a small divisor. / 

'Phe diff icul ty  can be resolved by canbining the perturbations in the 

perigee position with the mean and the eccentric anomaly, thus introducing 

the eccentric orbi ta l  longitude instead of the eccentric anomaly. Kepler's 
.. 

equations should be re-written i n  terms of the mean and the eccentric orb i ta l  

longitudes. This f ac t  was recognized by Herget (1962), who was the first t o  . 

obtain a proper form of Kepler's ecpation for  small eccentricity. 
\ 

The Hamiltonian vector h is defined as 
NJ) 

I .  

where 

I -  

8 .  i '  ,./' 

. .  
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h h d u c i n g  the eccentric orbital lcmgitude 
d 

h = E  + X  

and the vector 

(3) 
the position vector of the satel l i te  can be written in a form 
depending directly upon the vector h: - 

I For the determination of p we have I 

1 - + h2 a P 
1 
P 
- 

The semi-major axis remains invariant under secular action. .. 

Eliminating E, y ande from 

r = 1 - e  cos E 
a 
- 

in  favor of A, 
\ 

L and the components of & we deduce 

cv cos A + cu si- A (6) 

! 

. .  
,/ 
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h e a d d i t i o n  t o  the vectors r and h we w i l l  a l s o  make use of the vector 

r e  and h obtained frm r and h by the subsltution of (I-, jo, k,) - - -  
for (I, j, k) 

.Hru hrs, 

I N*r .Lm * - 
*.*u% 

Decomposing A along the axes rigidly connected w i t h  the osculating 

orbi t  plane, we have (Musen, 1954) 

Designating by F& the disturbing force averaged along the orbi t  of 

the disturbing body,-we have for  the secular effect  In h& 

AX- % C 
n 

Eliminating dL i n  favor of dh +by of (7) we obtain 

We have 

r . ~ o  = -a' r , A .  r 
r*l* mrr 

A S r -  

, 

,' 
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where A 

determine the components of the averaged disburbing force l!& in the 

directions of PL QL R: No attempt is made i n  t h i s  a r t i c l e  t o  m o d i f y  the 

method of cmputing A. 

directions of i, j, r and . k by XO, Yo, So, ZO respectively, we have 

i s  the f'undamental dyadic which was  used by Halphen t o  

- - N u  

Designating the canpmente of E in the 

- - -  A.sr 

XO = - & I ,  i. A. r, 
--nfu"3 

Zo - 2 m '  k . A . r  - .- 

We deduce from (10) taking (13) - (15) in to  account the following tW0 * 

scalar e q u a t k  for the a,ctual. computation of the secular perturbations in h: ' 

rHh 

si 
r r du 1 

d t  - 2X P a 
- - -  

= I  d A .  
r s [ ( l +  p )  Yo - a 

dv 1 - - -  
P d t  - 277 0 

(18) 

Introducing the Gibbsian vector g, we can express the vectors (i, j, 
'WH - -  

I k)  of the system r igidly connected with the orbit  plane in terms of t he i r  * 
i n i t i a l  values (io, j,, k,) and in terms of Q. We have (Gibbs, 1901) + 

J 
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whebe U and Uo can take the following values: - - 
U = i, j, k, r, h, - ----- 

. .  
The d i f fe ren t ia l  equation for the variation of g was established in - 

the author's previous work (Musen, 1961). It is 

From this equation we deduce f o r  the secular perturbations in g 
hM 

JT 

Taking i n t o  account 

and decomposing g along the axes (i,, j,, k, ), 
CeM - - r c r h  

I we =1&xe t h e  f&lc&.ng three smctr ica l  scalar  equations for the 

actual canputation of the secular effects in g: 
4 

I 

, 
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The components of the Hamiltonian 

g2)f + (gz g3 + I 2 d x (26) 

vector with respect t o  the i n e r t i a l  

system are determined using equation (lg), thus 

The Laplacian vector e = e P can be dbtained fran the relat ion 
hA - 

If we desire t o  have the standard elements & and i, we can easi ly  

deduce them from the vectorial  equation 

e s i n a s i n  i - e2 cosks in  i -t e3 c o s i  = ka + 2 
1 MM cg x k, - 1 + g q  - 

For the secular perturbations 

+ g x (g x kJ1 - nn.A- 

in the orbi ta l  mean lcmgitude we have 

,/' 

/' 
I 
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I n  addition t o  secular effects the resonance caused by the cammensur- 

, ab i l i t y  of mean motions of the disturbed and the disturbing body is of 

great significance i n  the determination of the orbi ta l  s t ab i l i t y  Over a 0 

long interval of time. 

If the process of integration is performed analytically, a small divisor 

w i l l  appear in  the denaninator as a result  of integration of the c r i t i c a l  

trigonometrical terms. 

However, such resonance effects can be determined analytically only 

under the rest r ic t ion that the ec.centricity and the inclination are  small 

and that only one c r i t i c a l  argument i s  present i n  the trigonometrical develop- 

ment of the disturbing fhnction. 

theory the secular effect  and the resonance effect  are  treated separately. 

In addition, i n  the existing analytical 

In  the rea l  problems we m i g h t  have more than one c r i t i c a l  argument and 

the mutual effect  of the secular and the c r i t i c a l  terms might not be negligible. 

N o  res t r ic t ions on the eccentricity or the inclination can be imposed in  

the problem of motion of a s a t e l l i t e  in  the cislunar space. For a l l  these 

reasons the author would l i ke  t o  suggest a method of special perturbations for  

t reat ing the combined secular and resonance effects  instead. of an analytical  

development. 

Let us assume that \ 

(pt p' > o and are relative primes) . ( 2 9 )  

The arguments i n  the developnent of the r ight  hand aides of the equations 

for  the variations of elements are of the form 

i L - .i' MI . 

/ 
,/ 
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Using the Liouville substitution (Liouville, 1836) 

L = P' q, 

we bring the arguments t o  the form 

Evidently an argument w i l l  be a c r i t i ca l  one if 

i = kp, i' = kp' , (k is  a positive integer) (31) 

If the last  condition is not satisfied, the term is a short periodic 

one. This leads t o  the conclusion that the resonance terms i n  the equations 

for variation of h and g are obtained by the process of averaging with - - 
respect t o  y. 

Putting '\ 

. .  
, 



. 

we deduce for the effect  of the c r i t i c a l  terms a s e t  of 

equations of the form 

dx - = ~ ( ~ ' ( 0 )  - Ao(~) = A1 cos B + B1 sin 8 .+ A2 cos 20 dt 
+ 32 siil 28 + . . e .  

5 

i 

I' 
i 
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1 In. these integrals dcP can be replaced by -I- P $ d 
The upper 

l i m i t  becomes 2 p' ne 

The computation of the position vector of the disturbing b w  I s  then 

Performed using the formulae 

1 
P P 

E' - e' s in  E' = 2, ( 1 - cv sin A - cu cos 1 ) - -1 0 

The effect  of the c r i t i c a l  'terms decreases for higher multiples of 

the argument 0. Assuming tha t  the effect of the c r i t i c a l  terms with the 

arguments' 39, 48, . . . is negligible, we deduce the fol lar lng expressions 

for the coefficients of four daninant c r i t i ca l  terms 

J (0) - y ( n/2) + y (n) - (3n/2) 
A2 = 4 (45) 

Thus the problem of determining the coefficients of the f i r s t  four 

dominant terms is  reduced t o  the canputation of four slngle integrals for 

nnnk "nnln*  ,,,,,,e mn...A 4 -  - A  ..,---""4+.. err --...*A- am.%.-- L---".4.. 
L U L l A  0 L . C C I U I  8ZAGUAGYY. A Y G A G  -LP UU UG;rGOeAUJ V U  Y G L A U A I U  8 U U U V I G  LlQrcIYULAAG 

i 
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analysis i n  full. 

of single integrals was suggested by Liouville (1836), but it was not used 

This method of reducing the problem t o  the computation 

before, because the numerical evaluation of a l l  these integrals requires 

a large number of subdivision points and the computation of a large number 

of special values of X, Y, Z, S, T. 

conveniently only now w i t h  the advent of modern electronic d ig i t a l  computkrs. 

Liouville's approach can be used 

After the coefficients A i ,  B1, A2, B2, ... are determined the equations 

(40) are combined together with the corresponding equations giving the secular 

derivatives of the elements. 

numerically. 

The canbined equations are then integrated 

The value of the c r i t i c a l  argument t o  be substituted in to  (40) 

is ,given by the equation 

dn dn' 
(i 1 -  i' - 1  d t  d t  . + .  

+* t e  

. 



. c 

Conclus ton 

The cmbined effect  of the secular and the c r i t i c a l  terms is decisive 

i n  the determination of the orbi ta l  s t ab i l i t y  Over a long interval of time. 

The combination of Kalphen's and Liouville's methods is able t o  provide 

an answer valid a t  leas t  over an interval of thousands of years i n  the case 

of a minor planet and for a number of years i n  the case of a satel l i te  

moving i n  the cislunar space. Our application of the method of secular 

effects  lead t o  some conclusions which were not anticipated beforehand. 

It remains t o  be seen what interesting conclusions w i l l  follow fran the 

* superposition of the secular and the c r i t i ca l  terms fram the computation 

of t he i r  direct  actions as w e l l  as t h e b  interactions. 

I 

8 
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